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Introduction 
In this note I will recall some contributions of J.-E. Roos to the theory of non- 
commutative noetherian rings and also discuss more recent developments which 
gives a perspective on the work of J.-E. Roos. I have personally profited from this 
during my own work on rings of differential operators, since the original work of 
Roos has inspired more recent work by myself and other mathematicians. 
1. The bidualizing complex 
Let us consider the following: Let A be a left and right noetherian ring, and 
assume that its global homological dimension is finite. Recall that the left and the 
right global dimension of a noetherian ring are equal. In fact, p=gl.dim(A) is, in 
the noetherian case, equal to the weak global homological dimension, which is 
defined as the unique smallest integer I*, such that Tot (M, N) = 0 for all u >,LI and 
each pair M and N, where M is a right and N is a left R-module. 
Let ii’denote the abelian category of finitely generated left A-modules, and .fl the 
abelian category of finitely generated right A-modules. We get the derived 
categories Db(Y) and Db(.#), where the objects of Db(i/) consist of bounded com- 
plexes of left A-modules with cohomology modules in Y. Using the obvious 
bimodule structure on the ring A itself, we get the duafity functor 
9:Db(Y) + Db(.‘R), which maps on object M in Db(Y) into the derived Hom- 
complex RHom,(M,A). Of course, in the same way, a duality functor from 
Db(:W) +Db(!/‘) exists. 
As usual, we can identify Y’with a subcategory of Db(Y), i.e. if MeOb(F), then 
M corresponds to an object in Db(Y), whose single non-zero module occurs in 
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degree zero, and is M. If P is a finitely generated projective left A-module, then 
9(P) is reduced to the g-object Hom,(P, A), and since P is reflexive, we get 
P= 9(9(P)). Using bounded projective resolutions, one easily finds that 
M= 9(9(M)) holds for any ME ob(Db(X’)). This biduality formula can be used to 
equip M with a filtration. In particular, we take ME ob(Y’) and use M= 9(9(M)), 
and new one finds a spectral sequence with second terms 
whose limit is EE = F, (M)/F, _ , (M), where FO(M) c F, (M) C . . . C Fp (M) = M. 
Here F,(M) are submodules of M, an&l we refer to F.(M) as the filtration on M in- 
duced by the bidualizing complex. 
The cause when A is commutative. If the noetherian ring A is commutative, then 
gl.dim(A) < 00 means that A is regular. The use of the bidualizing complex was in- 
itiated by Grothendieck around 1958. For a general regular commutative and 
noetherian ring A, the question arised if the F.-filtration was related to other filtra- 
tions. For example, using the concept of Krull dimension, we can filter any 
MEob(Y) by S,(M)cS,(M)c... CS,(M), where S,(M) is the unique largest sub- 
module of M, whose Krull dimension is at most o. 
In [12] Roos proved the following conclusive result. 
1.1. Theorem. S,(M) = F,(M) holds for each finitely generated A-module M, and 
each integer Oio<p=gl.dim(A). 
Remarks. Before [12] only some inequalities were known. For example, it was 
known that Kr.dimA(Ext6(M,A))<v--j for all O<jsp, and any finitely 
generated A-module M. Theorem 1 .l is a fundamental result, which shows how 
homological algebra can be adapted to dimension theory. This has been used to 
develop the theory of non-commutative noetherian rings. 
So around 10 years after [12], Roos returned to the bidualizing complex, in order 
to investigate non-commutative noetherian rings with finite global homological 
dimension. I will discuss one particular ring, namely the Weyl Algebra A,(c), 
whose elements are differential operators in n variables, with coefficients in the 
polynomial ring C [xl, . . . , x,,]. Here C is the complex field. As a ring, A,(c) is 
generated by its central subfield C, and the differential operators xl, . . . ,x,, and 
6 t, . . . ,a,. Here 6, denotes the first-order differential operator ~/c?x,. In the ring 
A,,(c), we see that dux, -~,a,= 1, for each u. So A,(C) is non-commutative. It has 
a filtration &C .Z, C&C . . . , where _Zk is the set of differential operators of order 
Sk, i.e. Zk is the C[x,, . . . . x,]-submodule generated by &monomials of total 
degree I k. To be precise, we have A,(@)= @c[x]S”, with @ extended over all 
multi-indices a = (a,, . . . , a,), and .Zk = @ C[x]aa, where the sum is taken over all a 
with \a/ 5 k. Now 2. is a filtration on the ring A,(c), and the associated graded 
ring @C,/Zk_, is commutative, and is isomorphic to a polynomial ring in 2n 
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variables. In fact, this is easily seen, because the passage to gr(A,(C)) corresponds 
to the passage to principal symbols of differential operators. If & denotes the im- 
age of 6; in Z1 /ZO, then gr(A,(Q) = C[x,, . . . ,x,, tl, . . . , &I. 
In particular, gr(A,(C)) is a regular commutative noetherian ring, whose global 
homological dimension is 2n. Using this, an easy argument shows that the ring 
A,(C) is left and right noetherian, and that gl.dim(A,,(C))I2n. Less obvious was 
the following result, which Roos proved in [13]: 
1.2. Theorem. We have gl.dim(A,(C)) = n for each n 2 1. 
Remark. For n = 1, this equality was proved by Rinehardt in 1962. The proof by 
Roos was very clever, and introduced a new method for the determination of 
homological dimensions of various filtered noetherian rings. The remarkable fact 
is that gl.dim(A,(Q) is so small, i.e. strictly smaller than gl.dim(gr(A,(C)). The 
equality in Theorem 1.2, later on inspired I.N. Bernstein during his study of finitely 
generated A,(C)-modules in [l], and we will soon discuss this. Let us also mention, 
that Roos himself was inspired by an inequality by Rentschler and Gabriel in [S], 
where they proved that the Krull dimension of any non-zero and finitely generated 
A,(C)-module is 2 n. Combined with the result from Theorem 1.1, this indicated 
that Theorem 1.2 should be true. 
1.3. Gorenstein Rings. Let A be a left and right noetherian ring, with gl.dim(A) =p 
finite. The question whether Theorem 1.1 can be generalised arises. That no obvious 
generalisation is available, was observed in for example [6]. In fact, the sole assump- 
tion that gl.dim(A) is finite, does not give too much information about the filtration 
induced by the bidualizing complex. In order to get more insight, one has to add 
more assumptions, and the following condition is particularly useful: 
1.4. Definition. A ring A is called a regular Gorenstein ring, if it is left and right 
noetherian, has gl.dim(A)=y<m, and in addition the following holds: For any 
finitely generated A-module M (left or right), any integer 1 <jrp, and any sub- 
module N or Exti (A4, A), we have Ext$ (N, A) = 0 for all Or u <j. 
From Theorem 1.1, we easily deduce that any commutative noetherian regular 
ring is regular Gorenstein in this sense. 
Remark. This condition was suggested by Auslander, and was investigated in [6], 
where various generalised weaker ‘Gorenstein conditions’ also appear. 
From now on A is a regular Gorenstein ring. If ME Y - the abelian category of 
finitely generated left A-modules - then the Gorenstein condition implies that Ex- 
ts (ExtJ (A4, A), A) = 0 when 0~ u <j<p. This simplifies the study of the spectral 
sequence of the bidualizing complex, since the table of its second term becomes 
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triangular. Following [6], this implies that we have exact sequences 
for all O<o<,u, with EP-u(M)=Ext~-u(Ext~-u(M,A),A). The A-module S, is 
isomorphie to a subquotient of Ext$-“+2(Ext$-U+1(M, A), A). 
Using this, and the biduality formula, it is not difficult to prove that the Krull 
dimension (taken in the sense of [S]) of any ME-~/‘, satisfies 
Kr.dim, (M) 5~ -j(M), where j(M) is the smallest integer such that Extjd”‘(M, A) 
is non-zero. Using the F.-filtration, we see that j(M) is the unique smallest integer, 
such that Fj;.(M)( A4 ) = M. For example, if p =j(M), then Kr.dimA (M) = 0. 
In his work [15], Roos discussed regular Gorenstein rings. Among other things, 
he made the observation above, and he also proved that the Weyl Algebra is a 
Gorenstein ring in the sense of Definition 1.4. At the same time, he discussed 
enveloping algebras U(g), where g is a finite-dimensional Lie algebra, and used 
homological methods in order to investigate the Krull dimension of modules such 
as U(g)/p, where p is a two-sided primitive ideal. The note [15], and an unpublished 
manuscript from 1972 by Roos, has inspired more recent work, which I will begin 
to discuss. 
1.5. Stafford’s Counterexample. Let me first mention, that the relation between the 
integers j(M) and the Krull dimension breaks down. In fact, in [18] J.T. Stafford 
constructs a finitely generated A.(C)-module M, where Kr.dim(M)=O while 
j(M)= 1. 
To be precise, to any nr2, Stafford constructs an element a in A,, such that the 
cyclic module A,/A,a is simple, and hence has Krull dimension zero. At the same 
time, it is obvious that j(A,/A,a) = 1, and so the observed inequality j(M) + 
Kr.dim(M) 5 gl.dim(A,) = n is in general strict. 
Of course, this counterexample means that we should try to use homological 
descriptions, instead of Krull dimensions, when we measure the size of finitely 
generated A,-modules. So we use the integersj(M) above as a measure of the size 
of M. If j(M) = n, we know that Kr.dim(M) = 0, i.e. A4 has finite length as an A,- 
module, where M is a finitely generated (left or right) An-module. This leads to, 
1.6. Definition. A finitely generated A.-module A4 is called holonomie if j(M) = n. 
Admitting the fact that A, is a Gorenstein ring, and using the biduality formula, 
we see that if M is a holonomie left An-module, then IVI*=E~~~,~(M,A,) is a 
holonomie right An-module, and M= (M*) *. 
Thus, M-M* is an exact and contravariant functor, from the abelian category 
of holonomic left, to holonomic right A,-modules. 
1.7. A new description of j(M). In Q 1.5 we discussed the Weyl Algebra. Let us now 
consider a more general setup. Let A be a ring equipped with a filtration 
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Z~CZ~C.&C..., i.e. the identity belongs to &, and &Z’,C&,+k for all pairs u and 
k, and U.Z” =A. We get the associated graded ring @ZU,/ZUP I, which we denote 
by gr(A). Now, the following result was proved by Roos in [ 141 and [ 151. 
1.8. Theorem. Let (A,C) be a filtered ring, such that gr(A) is a commutative 
noetherian ring with finite global homological dimension. Then A is a regular 
Gorenstein ring. 
Remark. That gl.dim(gr(A)) < CO gives gl.dim(A) < 00, is easily seen, and was known 
long before. But the systematic study of the Gorenstein condition was not so known 
around 1970, and so the additional conclusion that A is a regular Gorenstein ring, 
was a new result. It applies in particular to the filtered Weyl Algebra, i.e. A, is a 
regular Gorenstein ring. In the same way, we see that any enveloping algebra U(g) 
is regular Gorenstein. 
1.9. Characteristic ideals. Let (A, Z) be a filtered ring, where we assume that gr(A) 
is a regular commutative noetherian ring. Let us remark that the commutativity 
noetherian ring. Let us remark that the commutativity of gr(A), and the sole 
assumption that gl.dim(gr(A)) < 03, implies that gr(A) is Gorenstein in the sense of 
Definition 1.4. In fact, this is contained in the work [12]. 
If M is a finitely generated A-module, we can equip M with a good filtration IY 
By definition, rconsists of an increasing sequence of &-modules r, of M, and we 
haver,=Z,_k,Ui+... +ZUok,~,, whereM=Au,+... +Au,(i.e. a1 ,..., u,is some 
finite set of generators of the A-module M), and k,, . . . , k, are some integers. 
Then, @r/r,-, =grr(M) is a finitely generated gr(A)-module, and we can 
consider its annihilator Z,-(M) = {(Y E gr(A): crgr(A): crgr,(M) = 0). Then, Z,(M) is 
an ideal of gr(A), which depends both on M, and the particular good filtration. 
However, one can easily prove; 
1.10. Proposition. The radical Illr(M) = {a E gr(A): IX” E I,-(M) for some u 2 1 } is 
an ideal of gr(A), which only depends on M, i.e., ~/m=im holds for 
any pair of good filtrations on M. 
We omit the proof, see for example my book [3]. The radical ideal vm is 
denoted by J(M), and it is called the characteristic ideal of the A-module M. We 
remark that this ideal was also considered by Bernstein in [l]. 
1.11. The integerj(gr(M)). Let A be as above, and let M be a finitely generated A- 
module. Choose some good filtration r, and consider gr,(M), which is a finitely 
generated gr(A)-module, to which we can assign the integer j(gr,(M)), the unique 
smallest integer such that Ext$$‘“” (gr,-(M), gr(A)) #O. We remark that 
j(gr,(M)) exists when M is non-zero. This follows from the biduality formula ap- 
plied to gr,(M), and the observation that gr,(M) is non-zero if M is. 
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Now we can announce; 
1.12. Theorem. j(M) =j(gr(M)), wherej(gr(M)) =j(gr&V)) =j(gr(A)/J(M)) is in- 
dependent of the particular good filtration r. 
Remark. This equality is the gateway towards proving Theorem 1.8; i.e., that A is 
Gorenstein when gr(A) is a regular commutative noetherian ring. The proof uses so 
called graded free resolutions, and a study of some spectral sequences, and we refer 
to [3, Chapter 21 for details. See also [lo] for a more recent account. 
2. A return to A,(C) 
Let us now discuss the general results above, when A =A,(C). Recall that 
gr(A,)=d=[xl,...,x,,5,,..., <,I. If A4 is a finitely generated An-module, then its 
characteristic ideal J(M) is an ideal of the polynomial ring C[x, (1. We observe that 
J(M) is graded with respect to the <-variables, since J(M)=&@?) for some 
good filtration r on M. In other words, J(M) is generated by polynomials p(x, [), 
which are <-homogeneous, i.e. of the form p=pn=Zpa(~)~a, where the sum is 
taken over a with /(YI =n. 
Concerning the integer j(gr(A,)/J(M)), the well known dimension theory for 
ideals of the polynomial ring gr(A,) = C[x, <] can be used. For example, using the 
Nullstellen Satz, we see that j(gr(A,J/J(M)) = codim( V(M)), where 
V(M) = J(M)- ’ (0) = {(x, 0 E @2n :p(x, 0 = 0 for all p E J(M)} 
is the locus of the radical ideal J(M). Here, codim( V(M)) is the (complex!) sodimen- 
sion of the r-conic algebraic subset V(M) of C2n, the 2n-dimensional (x, r)-space. 
Summing up, using Theorem 1.12, and Theorem 1.1 applied to C[x, <]/J(M), we 
get, 
2.1. Theorem. j(M) = codim( V(M)) holds for any finitely generated A,,-module M. 
Here, V(M) = J(M)_ ‘(0) is called the characteristic variety of the A,,-module M. 
Remark. Let us explain how Theorem 1.2 and Theorem 2.1 are related to each 
other. First, the equality .gl.dim(A,) = n implies that j(M)sn for any non-zero 
finitely generated An-module, and hence Theorem 2.1 shows that codim( I/(M)) I 
n, or equivalently, that dim( V(M)) rn for any non-zero finitely generated A,- 
module. 
Conversely, suppose we knew that dim( V(M)) 1 n for any M. Then we can deduce 
that gl.dim(A,) = n as follows: 
First, Theorem 2.1. gives j(M) 5 n for any M. Using the Z-filtration on A,, it is 
easy to verify that A, is left and right noetherian, and that gl.dim(A,)I 
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gl.dim(gr(A,))=2n. Thus, we know that gl.dim(A,)< 00, and this, combined with 
j(M)<n for any non-zero finitely generated An-module, gives us that 
gl.dim(A,)<n. In fact, the following general result holds: 
Theorem. Let R be a left and right noetherian ring, and assume that gl.dim(R) < 03. 
Then gl.dim(R) = sup{ ,u : Extg (N, R) # 0 for some finitely generated R-module N} . 
To get gl.dim(A,)mn, we consider the special left A.-module C[x,, . . ..x.]. We 
see that it is isomorphic to the cyclic A,-module A,/L, where the left ideal L is 
generated by the first-order differential operators D,,, . . . ,&,,_. It is easily seen that 
Extz (C[x],A,) is non-zero, in fact it is the right An-module AJK, where 
K=lj,lA,,+ . . . +DX,!A,, as the reader may verify. 
We have explained the interplay with Theorem 2.1 in order to get a perspective 
upon Theorem 1.2. We remark that the inequality dim( V(M)) L n, for any non-zero 
finitely generated A,-module A4, can be proved directly, thus giving another proof 
of Theorem 1.2. 
In fact, one can prove that V(M) is an involutive subset of the 2n-dimensional 
(x, <)-space, where this space as usual is identified with the contangent bundle 
T*(C). To be precise, if f (x, <) and g(x, r) are two polynomials which both vanish 
on V(M) (M is any non-zero finitely generated A,,-module), then the Poisson pro- 
duct {f, g} also vanishes on V(M). 
It is very easy to prove that any involutive algebraic subset of T*(C) has dimen- 
sion zn, and so the involutivity of V(M) implies that dim(V(M))?n. 
The first proof of the involutivity of characteristic varieties was given in [17]. 
Here, analysis was used to prove that V(M) is involutive. Namely, the sheaf of 
micro-differential operators of infinite order was used to solve a certain Cauchy 
problem with values in stalks of this sheaf. Then, a generic structure theorem for 
coherent (i’,-modules with non-singular supports was found, which trivially implies 
the involutivity. 
More recently, an algebraic proof was found by 0. Gabber in [7]. Gabber’s result 
applies to an extensive family of filtered noetherian rings whose associated graded 
rings are commutative and noetherian. 
Summing up, the equality gl.dim(A,)= n (which is remarkable since 
gl.dim(gr(A,)) is twice as large) can be understood by the involutivity of- 
characteristic varieties, and by the fact that the Poisson product on gr(A,) is non- 
degenerated. But the Poisson product is derived from the symplectic form 
d<,Adx, + . . . + d&+Lx, on T*(F), and is thus trivially non-degenerated. 
3. Holonomic A,-modules 
A finitely generated An-module M is holonomic if j(M) = n. By Theorem 2.1, 
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this means that dim( V(M)) = n. Since V(M) is involutive in r*(F), it follows by 
elementary symplectic geometry that V(M) is Lagrangian, i.e. the regular part of 
V(M) is both isotropic and coisotropic. The fact that V(M) is Lagrangian when M 
is holomic is very important, and it is used to study holonomic A.-modules. 
However, I.N. Bernstein in [l] studied holonomic A,-modules without using this 
fact, and still succeeded to prove that if p(x) is any polynomial, then the ring of 
fractions, C[x,p-‘1, is a holonomic An-module. His proof was partly inspired by 
the work [13], where Roos proved gl.dim(A,) = n. 
More recent work, in particular by M. Kashiwara, has led to a deeper theory. Let 
us for example mention that V(C[x,pP’]) can be found as follows: It is the union 
of the zero-section of T*(X) and the set {(x, 0: p(X)=0 and <= lim A,dp(x,) 
where x, +x and A,, is some sequence of complex scalars}. To prove this, a con- 
siderable machinery is needed - micro-local analysis is used together with 
Hironaka’s desingularisation. 
More generally, let X be a non-singular quasi-projective algebraic manifold defin- 
ed over the complex field C. As explained in [3, Chapter 31, we get the coherent 
sheaf lix, whose sections over an open affine subset I/ of X is a ring 9 (V), which 
is the ring of C-linear differential operators over the regular commutative 
noetherian ring r( V, gx). 
Now we can study sheaves of left 9’,-modules, and define their characteristic 
varieties. They become involutive algebraic subsets of T*(X), and if .1 is a coherent 
Px-module such that V(4) has dimension equal to dim(X), then d’ is called 
holonomic. The theory of holonomic (sheaves of) 9,-modules has been used in 
geometry and in group representations. 
In particular, we mention the Riemann-Hilbert correspondence, which says that 
there exists an abelian category of regular holonomic Px-modules which is 
equivalent to the abelian category of constructible sheaf complexes on X satisfying 
the middle perversity condition. This elegant result has been used in representation 
theory. The most notable result occurs in the study of Harish-Chandra modules. 
Here, we consider a semi-simple complex Lie group G, and we take a Bore1 
subgroup B and get the compact flag variety G/B, whose points are right cosets XB 
with XE G. Now, we consider a closed subgroup K of G which has finitely many or- 
bits on G/B under its left action on the G-homogenous space G/B. Then, one has 
a certain family of Harish-Chandra modules over the enveloping algebra u(Q). 
Beilison and Bernstein proved that this is an abelian category, which is equivalent 
to the abelian category of holonomic Lr,,,- modules which are K-equivariant. 
It would lead us too far to discuss the details, but the remarks above indicate that 
the algebraic study of certain filtered noetherian rings has wide applications to 
geometry and representations of Lie groups. 
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4. Final remarks 
My aim has been to describe the development of some ring-theoretic results where 
important contributions have been made by J.-E. Roos. I think this offers il- 
luminating examples of the flavour of his work, which often deals with very essen- 
tial problems. 
For the omitted proofs, e.g. that of Theorem 1.12, I refer to my forthcoming 
book [4], which contains a detailed treatment of Gorenstein rings, and a far- 
reaching study of regular holonomic modules. 
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